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Abstract

For discrete velocity models (DVMs), we present a criterion which predicts the nonmonotonic behaviour of the pressure in
the half-space problem of evaporation and condensation, and we extend a criterion for the internal energy previously given for
the problem with two interfaces. We study the profiles of these quantities and their inver2602 Editions scientifiques et
médicales Elsevier SAS. All rights reserved.

1. Introduction

A long time ago, a paradoxical result was found in the kinetic treatment of a gas between two interfaces. The temperature of
the vapor at the warm interface can be below the one at the cold wall (inverted gradient). Experiments, numerical and theoretical
results using the continuous [1-3] and discrete [4—7] kinetic theory were presented. In our previous work [7] extending a
criterion [8,9] for temperature overshoots of shock waves to a gas between two plates, we have studied both the inverted
gradient and overshoot effects for the temperature.

Here we consider the steady flow of a semi-infinite expanse of gas in contact with its condensed phase. Condensation and
evaporation can take place at the interface between the two phases. This is called the half-space problem of evaporation and
condensation and for DVMs models, we seek the possible inversion or overshoots of the macroscopic variables of the flow. As
in the continuum treatment of the problem [10-16] the flow is assumed one-dimensional depending upon the spatial variable
z > 0. The interface is located at= 0.

The first change with respect to our previous wfrkis that one interface is replaced by a Maxwellian state of the gas
at z — +o0. Let us consider a macroscopic quantityz), like the temperature (or internal energy [17] for DVMs). We can
have different aspects concerning respectively its vaduen the wall atz = 0 and the two gas valuég = Y (z — 04) and
Yoo =Y (z = +00).

Recently [18] (review in [16]) the half-space for condensation was studied in continuous kinetic theory. There were
considered, for the flow in a transonic regime, both the temperature and the pressure; in the stvidigsyaf, they found
either monotonic € (zg, o) (zg small) domains or nonmonotonic ones with a center curve’goe Y. The second change
with respect to Ref7] is that we introduce the pressure and give a new criterion for nonmonotonic efféetexplain also
why the nonmonotonic domains are divided by centigk Y, curves.

In our DVMs, the densities with velocities symmetric with respect te-#nds are equal. Consequently, the momentum is
reduced toJ # 0 along thez-axis Here we restrict our boundary conditions to a plane at rest at 0 (perpendicular to the
z-axig) with a condensed phas@é/e retain only the densities with emerging velocities, for the other (impinging) velocities we
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associate new densities such that the whole set at the wall represents a fictitious Maxwellian state with a zero momentum and
all collisions vanishing.

In Section 2 we recall briefly the DVMs boundary conditions for our DVMs and introduce the boundary conditions at infinity.

In Section 3 we give the criteria for the inversion of the internal endfgyand the pressur@ in the flow. These criteria are
independent of explicit collisions.

In Sections 4 and 5, Figs. 1(a)—-2(a), for models with four independent densities, we first study the restrictions for possible
nonmonotonic pressure, while second, the densitigsatisfy scalar integrable Riccati equations [8,9,19,20]. With exact
solutions, we study different domains where eitl®eor E; have overshoots. In Sections 6 and 7, Figs. 3(a)-4(a), we study
models with five and six independent densities, giving first the restrictions of the criterion for nonmondtanit second,
with exact solutions, examples of really nonmonotaRior E;. In these sections, the steady densities satisfy a system &f 2
3 x 3 Riccati equations. In all Sections 4—7, we make the conditions for fictitious Maxwellians at the wall, gig=thE,
values and compare those at the wall and in the gas.

2. Half-space DVMs and boundary conditions §—6]

We give a brief survey while a complete study is made in [Ref6]. We restrict the class of DVMsudied in the paper:
each velocityy; has anothefi; symmetriowith respect to the-axis. ThenN; = N; and along the-axis it remains only the
momentumJ. For a DVMs with p velocitiesv;,i =1, ..., p, we denote by numbeV; (m, ¢) the density of the particles of
velocity v; at timer and pointm. The macroscopic variables denoting mass, velocity and erigfgy, E) are [4—6,21,22]:

P P P
M=Y "N, J=Y N, E=Y Ni?/2 2.1)
i=1 i=1 i=1

We assume that a DVMs is in equilibrium with a wall or a condensed phase when the microscopic dahgitefshe
Maxwellian state are associated with J, E. At the interfaceve assume that the particles leaving the condensed phase are in
Maxwellian equilibrium with it.At infinity the gas is assumed to be uniform and in a Maxwellian equilibrium associated with
the macroscopic variables of the flow.

Let B = (iy, ?y, 71) € R3 be an orthonormal base for they, z coordinates. We denote hy, v; andx; # 0 the components
of the velocityv; in B and we assume that the interface is the plare0 and the gaseous phase fills the half-space0.

When we assume that the flow is steady one-dimensional and depends onty, tiwmodelling of the half-space problem of
evaporation and condensation using gelocity discrete model yields the following boundary value problem faril< p:

A ANy /dz = Fi(N), Ny (0) = Nyo, A >0, Nz—s00 = Nioos (2.2a)
s
FeN) =3 3" € &8k, Jr, INAT Ny, (2.2b)
r=21I,,J;

whereF; (N) is thekth component of the collision operator forcollisions, 2< r < S. In the paper we take into account only
binary and ternary collisions, so= 2 orr = 3. We defined X /9z = X’ for any X (z) and/; for the evolution equation aF; .
We write the mass, momentum and energy conservation laws for a stesghendent one-dimensional flow:

I = )\,'Ni/, Zl,’ =0, Z)»l‘l,' =0, Zl_}izl,' =0. (2.3)

We integrate and obtain three constakits i = 1, 2, 3. The conservation equations, written at infinity are the DVM'’s Euler
equations[21,22]. We thus can obtain the thrég constants as functions of only the macroscopic variables of the flow at
infinity. Rewriting the relations obtained by the integration at 0 with these constants expressed in terms of the macroscopic
variables of the flow at infinitywe derive the relations linking the macroscopic variables at the boundaries of the flow

3. Criteria for the inversion of macroscopic quantities: Ey, P

To the variabled (z), J, E(z) (mass, momentum and energy) we dddz) and P(z):
internal energy: Ej(z) =2E(z)/M(z) — [J/M(z)]zz P/M; P: pressure (3.1)

However, as discussed by Cercignani [17], owing to the discretisation, the definitions of temperature given by the theory of real
gases are no longer valid in DVMs. We thus use the internal engfdpr the temperature.
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We consider two- and three-dimensional moddls=(2, 3) admitting only three physical invariants. The particles undergo
binary, ternary... collisions which lead to quadratic, cubic... polynomials in the collision terms. By using the symmetry
properties of the model, we can sometimes reduce the order of these terms and obtain linear, quadratic. .. polynomials, leading
to known integrable solutions for the microscopic densiNe&):

Ni@) =ng +n;F(z), 1<i<p, F=1/pDY"D  p=143e7 (3.2)

v is the degree of the reduced collision operator ang 2 in Sectionst—7.nq;, n;, y and are constants, such thatD(z) > 0
for z € (0, 0c0). We computeM (z) and E(z) at the boundaries — 0 andz — oo, introduce the valuesfg, Mo, Eg, Ecxo @S
well as Fp, Foo and definexaOO = Xgo — Xoo- With F(z) > 0 monotonic, M (z) and E(z) are monotonic functions af.

M = Mg+ MyF(z), Mg=) ngj=[FoMoo — FacMol/Fg o, Mp=) nj, (3:3)
My = My [Fy o E=Ea+EpF(), Ea=I[FoEoo — FooEol/Fy . Eb=Eq o/ Fo oo -
Mo = Mg+ My Fy, Eg=---, Moo =Mg + MpF, Ex---

3.1. Criterion for the internal energ¥ ;
We recall this criterion [7,8], initiated for shock waves, here with consfaalibng thez-axis. We writeE’, F’ 0 for the
derivatives with respect toand deduce from (3.1), (3.2) and (3.4):
MBE}J2F" = 01[F(2)] = J?M}, + (Ep My — EaMp)[Ma + MyF (2)]. (3.5a)

Lemma 1. With Q1 monotonica condition forE; to be nonmonotonic is:
Q1[F0lQ1[Fx] <0 or Ej(z— 0Ej(z—00) <0, F' #0. (3.5b)

With Mg, Eg, M, Esc We write the constants i@1(z) and define:
Ap=J2My  + m(EgMoo — MoEoo). (3.5bis)

Lemma 1bis.A sufficient condition fof; to be nonmonotonits Ay, Ay, < 0. 1f Ay Ay, 0 = 0, thenE; (z) is monotonic
and we cannot havE g = Ej o, Whenz — 0, co. There is astrict inversionif and only if

(Erw— Er00)(E10— Ef00) <0. (3.5¢)
3.2. Criterion for the pressur® = E; M

We write the derivativeP’:

P'M?/F =2E,M? + J?M) = Qo[ F1= AF? + BF +C, A=2E,M?, B=4E,M,M,,
(3.6)
C=2E M2+ J?M),,  B?—4AC = —8J%E,M}.

Lemma 2. With F’ # 0 a necessanynft sufficien condition for P to be nonmonotonic 82— 4AC >0 or MyE, <0or
equwalentIyMO Epo <0 (P’ =2E'+J2M’'/M?, M and E cannot be both increasing or decreasin@[ Fol Q[ Foc] < 0
is asufficient hot necessapycondition. We define

A= T2Mg o +2%Eg . (3.6bis)

Lemma 2bis. A sufficient condition forP to be nonmonotonids ZMOZMOO < 0. If P(z) is monotonic, thenPy # Peo.
If My oEq o > O, then Q2[F(2)] has no roots,Au/Eqy o, > 0 — ApyyAp,, >0, P is monotonic andPg # Poo. If

ApyAum,, <0,thenQo[F]and A, have one root between the twdimits: (Fo, Foo) and (Mg, Moo), P is nonmonotonic and
Py = P is possible.

In all our numerical examples, with a parameter varying, we findonmonotonic in domains limited by the values where
02[FolQ2[Fool = Ay A, = 0.
Let us call F, the roots ofAF2 + BF + C =0 with Mg o Eg s <0andFo=(1+ MY A=Y) (see (3.2))Fxo =0, 1 if
= 0. A condition for P to be nonmonotonic is eithef+ € [Fo, Fo] and for P to be monotonic: bothFy ¢ [Fo, Fol-
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4. DVMs with four independent densities (none velocity along), Fig. 1

We present a class of models in Fig. 1{@)= 2, with arbitrary parameters (alongz-axis),«, 8 (alongx, y axes), and, if
dy = (d — 1), with 84, velocitiesv;. Here we discuss thé =2 models § = 3 in Appendix A.1). We write th&; (x, z) in the
x, z plane:

v1: (o, 1) = —73, U5 (8, A) = —v7, ﬁi+1(x,z) =v;(—x,z), i=13057. (4.1)
Due to the symmetries with respect to thaxis, only four independeny; (z) = N;;+1(z), i odd densities and associated
evolution equationg remain. In Sections 4.1 and 4\®e present results without explicit collisions

4.1. Conservation laws and macroscopic quantities

Contrary toN1+3, Ngr7 andNsA + Nq, all N; and conservation laws cannot be written only with E, J (mass, energy
and momentum):

M2=N{3+Ng;  E=(P+ N3+ (B2 +22)NS,  J/2=Ni3+ANg,

C:=(p2+12-1-0a?), NS,=B=[E-M(?+1)/2]/C. (4.2)
Nig=A= [(B2+33)M/2—E]/C — Nsi+Ni=J/4+(A+AB)/2,
0=0.[(A2 = 1)E + (B> — 22a®)M/2] = 0.[ (B> + 12) ] /2— CN14]. (4.3)
~.1] 2/[5] 1]
[3]—-—[;jj‘/" < =X
E;[(Tl)/EL.w’_ .......... (). B=0.3. ...
0.85 ---------- (b) B=0.347
LT () p=U4sT

(d) B=0.5778 E,o=E,.

LR /| AN
— 2 Py . _-[8] (P(n)—-P(0))/Py (a) N,(0)=2.55
e [;X 0.03. Y N (0)=P4308
P(n)/Py (71— //[3Tl§\\\ 0.02. S (e) N(0)=2.2. ...
EUPTESEETE {&)-B=4-G - Ny
152 (6] F=1.3646 0«
"""""""""" {cy B=1:45------------

15 (d) =1.5113 P, =P.. ,
N T —0.04:
1.48 |
___________________________ (@ A=175......pgysy 7006 L(g_>_’\,7(,o_>f1_?’-.'_-_}'_'ff
0 0.3 0.6 0'1 0'3 0'6 1
(© )

Fig. 1. (a)d = 2; model: four independentv;, eight v;, none alongz, N;11 = N;, i =1,3,57. (b) d =2, « = 15: four in-
dependentd;; internal energyE;. (b)—(f) Transition monotonic and nonmonotoni@){(g) monotonic; ¢), (d), (e) nonmonotonic;
(d) Efo=El 00, Ejw >SUNE[ 0, Ef,00). (€)d =2, a =1/2: four independeny;, pressureP. (b)—(f ) Transition monotonic and non-
monotonic; &)—(g) monotonic; ¢), (d), (e) nonmonotonic; d) Pg = Poo, Py < iNf(Pp, Pxo). (d)d =2, « = 1/2: four independeny;, pres-
sureP. (b)—(f ) Transition monotonic and nonmonotonie;){(g) monotonic, €), (d), (€) nonmonotonic;d) Pg = Peo, Py < inf(Pg, Poo)-
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4.2. PossibleP nonmonotonicM,E, <0if A Z1andg = ai

From the three conservation laws, we get three relations between thig:four
_ g+ + - — (2 + 2 5 2\+
0=1f3+Id; =113+ M5 7= (®+ 1)1 3+ (85 +2°)ig 7, (4.4)
X' :=dX/dz — Il1=N}=—l3=Nj=—rs=—12N} =27 =—12Ny. (4.5)
We integrateNl.’, obtain allN;, M, J, E as functions ofV; with constantsy; :

2n5 = —A2n7, j=517,

Ni@) =noi +n;F(z),  N3=Ni+as,  Nj=-Ni/i’+a; — ni=nz=-1
M/2=2N1(A* —=1)/A* +afg+ar,  J/2=—a3+ a5y, (4.6)
E =2N1(o? = 2/3%) + (¢ + Daz + (B2 + 22)ag ;.

My, Ep givenin (3.3) 1 £ 1, B £ Aa — Mp/dn1=1—A1"2, Ep/2n1 =a? — (B/1)2.

4.3. CollisionsNsN} — N7N7 with 1 > 1 integer

4.3.1. Gas
FromN; 1 = N;,i odd and (4.6) it is sufficient to study for Ny:

Ni=n1F' = O[(NsN] — NgN{) + (NgN; — N7N3)] = 20 (NsN§ — N7N7)
20[(as — N1/32)(N1 +az)* — Nj (a7 — N1/22)], (4.7)

I

where © is the collision rate, in fact a scaling parameter forThe highestN%Jrl term disappears in (4.7) and thé(z)
polynomial is of orden..

4.3.2. Wall, Appendix A.1
From the emerging densitiéé,, ;, i = 1,5, we obtain the equality with the impingirg,, ;2.

4.3.3. Appendix A.2
N;(n) =ng1+ n;/D(n) for » = 2. The cubic collisionsN5N§ — N7N12 leads to a quadratic integrable Riccati equation
for N1.

4.3.4. Numerical calculations

d=5=2 n=2z/2y0, Figs. 1(b)-1(d)

Fig. 1 N70 o B Y nonmonotonic

(b) 2.9 15 B<p<08 E;:0347<p<0.7398
(©) 2.9 05 183<B <175 P:13646<p <17078
(d) 13<N70<255 0.5 1.25 P: 1.393< N7,9 < 2.4306

N7.0 in Fig. 1(d) (8 in Figs. 1(a) and 1(b)) are varying. With < 0 andM (z) decreasing frompo, we have evaporation
from oo. The macroscopic quantitigs(E,, P) in Figs. 1(b)-1(d) are nonmonotonic in intervals (limited by thg, A, =0,
ZMOZMOO = 0 values), includingfg = Yo, and monotonic outside. We fin; ,, > SUNE; 0, EJ o) In Fig. 1(b), Py <
inf(Py, Pso) in Figs. 1(c) and 1(d); and in Fig. 1(b3,< 0.5778, the condition (3.5c) for strict inversionis satisfied.

4.4. Euler with cubic collisions, =d =2

First, we rewrite (4.2):

N1=(A+Np5)/2 N 5=B—2Ns, Ns=(B—Nj1)/2+J/8+ A/4. (4.8)
With the Maxwellian, we get a cubic equation ¥ 5 and deduce alv;:

2 2 25— - Nt -3 -2 - 2
NsN3=N7Ni — N{N;g5=NsNg N3, (Nl’g) —J(leg) /2+ Ny gA(A+4B) - A%J/2=0, (4.9)
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as functions of/, M, E with (4.8).Secondwe integrate the conservation laws:

J=const, 3E()+ (8% —4a?)M(z)/2=CK = const, @10
C:=p2+3—0a? — CNy4(0) + (% +4)J/2=2CNg 1(2) + (¢® +1)J /2= K g = const '

Fromz — oo, N;; = N, (00), (i, ) =(1,3),(5,7) in (4.9),CK; = 3Eo + (B2 — 4a®) Mo /2 and fromz — 04, N; o
giving the impinging densities & 3, 7) from the known emerging ones=£ 1, 5), we get a link between the interface and the
asymptotic variables

N30 = Nio+[Kg— (B2 +4)J/2]/C,  N7o=Nso+ (Kg — (1+¢?)J/2)/2C,

2 (4.11)
N7.0 = —N50— N1,0/2+ KJ/4+[(ﬂ +4)J/2—KE]/4C.

5. DVMs with four independent densities (twov; along z), Fig. 2

We present a class of models (Fig. 2(a)) witk 1 integer, with numbe(4d,. + 2) of velocitiesy;, nl.z =1
ni =1: (n1ox, npery, A) = U1 = —13, v5: (0, 0, 1) = —g, d=2 — ay=0.
We have four independem;, i = 1, 3, 5, 6 (four/;: evolution equations) associatedito For anyv; we have another;. In
Section 5.1, we give results without explicit collisions. In Section 5.3, the necessary conditiérfor P to be nonmonotonic
is satisfied, but the sufficient one gives a small interval limitediy, A, = 0.
5.1. Conservation laws and macroscopic quantities

All N; (excepth3 andNEJ,FG) and conservation laws are not written with E, J:

C:a?+a?+22-1,  M=2dN{3+Ndg  E=d(C+DN{3+NJg/2  J=2dAN 5+ N5,

leg =A=[E— M/2)/d.C, (5.1)
Nge =B=[(C+1M —2E]/C — Ns=dr(A—2N7) + J/2+ B/2, (5.2)
0=10,[2(% = 1) E + (e + ad) M] = 8. [dsA(C + DN{ 5+ Ng ¢/2]. (5.3)

From the three conservation laws we get thfeelations that we integrate:

0=2d,l{ 5 +1g g = 2ds Iy 5+ 15 6= di(C + 1)11+’3 + lge/z - 11+’3 = 1;6 =0,
l1 =ANj = —l3=AN5 = —I5/2\dyx = —2Ng/2\dy = —Ng/2dsA, (5.4)

[1] ~ At

St e
RN g X T 5[6\‘]’\‘ i

s [[s‘]\\ T EMEO) g N

(3 0.03 | o L) Ng(0)=5.2 .

P/Py /.~-—-£a/ﬁ-=l4-—-— 0.0 L/ (b) Ng(0)=2.9416
18— (o) 4=0:8883 o ~ (e Ng(o) =23
i I o B - (d) Ng(0)=3.9145 E,,=F,_.
a=0.895 70_0271: R OETE— —

~0.04 () No(0)=3.0282
(! N ‘ ) No(0)=2.9
N —_ =15 . _ e '[_f___r n
(e g £ 0:07 0.1 0.3 0.4

(b) (c)

Fig. 2. (a)d = 2; model: four independeny;, six v;, two alongz, N;+1 = N;, i =1, 3. (b) d = 3; model with four independeny;, 1 =2,
pressureP. (b)—(e) Transition monotonic and nonmonotonie; (a)—(f )—(g)—(h) monotonic; ¢), (d) nonmonotonic; ) Py = Po;
(c) Py < Pxo, @ >0.6685 Py < Py < Poo, @ > 14018 Py < Py < Py, 0668 < o < 14018 Py < Px < Py. (€) d =3, « = 0.4:
four independentV;, internal energye;. (b)—(f ) Transition monotonic and nonmonotonie){(g) monotonic; ¢), (d), (€) nonmonotonic;
(d) Ej0=El 00, Efw <inf(E 0, Ef 00)-
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A'=2N],  B'=2Nj  Nyg=Ngg=0. J'=0. N;=ng+nF(). (5.5)
N3(z) = N1(z) +as.  Nj=-2dsA?N1+aj, j=56,  J=-2dsag+agg, (5.6)
n3=n1, n5=—2A2d*n1=n6, My /4dinq = (1—)»2), E;,/Zd*nlza%—f—a%.

PossibleP nonmonotoni;:Mo_mE(;,C>o <0orMyE, <0 if A > 1.

5.2. Wall atz = 0, Appendix B

With collisions of the typdy = © (N3NZ — N1N}) and emerging densities,, ;. j = 1,5, we deduceV,, ;,i = 3,6, My,
andE,,.

5.3. ExplicitN; (z) solutions for the model with =2 andd =2, 3

5.3.1. Gas, Appendix B
For 1 = 2, we have cubic collisions, reducing to quadratic collisions with (5.6) (scalar Riccati integrable equation).

5.3.2. Numerical calculations

d=3,)=2,Fig. 2b (c)for P (E;)

Fig. Nio Nso Nz Ng.0 a=oay =ay Y nonmonotonic
2(b) 08 05 137 9.7 B<-.-<15 P:0.4923<0.895
2(c) 0.05 0.075 0.057 9<---<52 0.4 Ej: 3.0282< 4.9416

The macroscopic quantities (P in Fig. 2(b), E; in Fig. 2(c)) are nonmonotonic in intervala,(Ng o) including Yo = Yoo
(monotonic outside) and withh = —138, J € (—5.38,—3.08), M(z) < M(c0), evaporation fromeo. In Fig. 2(b), we
have another transitioa = 1.4018 for P, = Ps, and three domainsP,, < Py < P if @ > 0.6685 Py, < P < Pg if
0.6685< o < 1.4018 andP < Py < Pg for « > 1.4018 and in Fig. 2(C)E} , <inf(E7.0, E1.0)-

5.4. Euler with cubic collisions, =2

First, we rewrite (5.1) and (5.2):
2N1=A— Nz, Ng 5= B —2Ns, Ns=2dxN3, +(J + B)/2. (5.7)

With the Maxwellian, we get a cubic equation % ; and deduce alv;:

N3NE=NINZ — NZN3 =NiNgsNgs, — Ni=(A—N3,)/2

(5.8)
842(N31)* +47dy(N3,)? + N3, (72 + B2 + 84, BA) /2 + BJA=0,
as functions of/, M, E with (5.9). Secondwe integrate the conservation laws:
J = const, 6E(z) + (af + a?)M(z) =CK  =const,
(5.9)

Zd*CNis(z) +J/2= _CNS_,G(Z)/2+ (C+1)J/2=Kpg =const

Fromz — oo, N, = N, ;(00), (i,j) = (31, (5,6) in (5.8), CK; = 6Eco + (@ + a?)Moo/2 and fromz — 04, N o
giving the impinging densities & 3, 6) from the known emerging ones=£ 1, 5), we get a link between the interface and the
asymptotic variables

N3o = N1o+[J/2—Kgl/2d«C,  Ngo=Nso+[2Kg — (C+1)J]/C,

(5.10)

Ng,0 = —N50—16dxN10/2+ K; —2J +4KE.
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6. A class of DVMs with five independent densitiev; (z), Fig. 3

We present a class of models, Fig. 3(a), wizht 6d.) velocitiesv; and two arbitrary parameters, 8 along thez, x axes,
which enter into the); coordinates:

d=2: eightv;(x,y=0,2), d=3: addwithx =y, sixv;(x=0,y,2z),
d=2, v1:(A+1 0 -1, v3:(B, 0, A), v17:(B,0,—2—21), A>0,
X——x, U;—>7v41, =137, vg: (0,0, 1), v5: (0,0, —A — 2). (6.1)

These models with five independent(z), i = 1,3, 5,6, 7, are symmetric with respect to theaxis but not for anyy; we
have the opposite-v;. First, with only the conservation relations, we study the necessary conditiéghtftbbe nonmonotonic.
Second, we introduce binary collisions and study the exact solutions foreadye. We solve the equations for the microscopic
densities (a Z 2 Riccati system) which are independen{fofFrom a set ofV; (z) > 0, varying, only macroscopic densities
E(z), E;(z), P(z) will vary with 8.

6.1. Possible nonmonotonic pressufgs M, <0, if n7/n1 <0

Study of N; = ng; + n; F(z), without explicit collisions We write the evolution equatioris, the three linear conservation
laws (Appendix C), deduce three lindarelations giving theV; (z) as functions ofVq, N7 and constants;:

—— 2@ _
—~—. ‘/_/ B N
RS :
'/,/ -1 ['1‘]\-\~ 5[7]
P(n)=P(0) -~ -4![5] o
0-3- e (a) B=3.71
= (b) B=3.7286
N e (e)-B=3:74 -~
0 (d) g=3.758
TN (e) f=3.77. .. .
P ) (f) B=3.7973
021 el T (6) f=381.. .
...................................................... 7
5 i5 25
(b)
—_ 2 2 [6] 1
. E(m)-E(0)  _—-— " i =
\\\2‘[()?]/&31 0.07. (a) B=1.375
P ' T T T T T T
— R .
=N
P(n)-P(0) 7 _ds) N
0.00% I (5 g=zg0g
000h b) £=2.90216
L (c) 8=2.9012
0 o (d) F=2.9009
----------- o) B=2:9- - oooees
e (D p=28997T
—0.002 e S5 (@) A=R899.. 00 7
(© (d)

Fig. 3. (a)d = 2; model: five independenw;, i = 1,3,5,6,7, eightv;, two along thez-axis, Njy1 = N;, i = 1,3,7. (b) d = 2; model
with five independentV;, pressureP (n). (b)—(f ) Transition monotonic and nonmonotoni&)4(f ) monotonic; ¢)—(d)—(e) nonmonotonic;
(d) Py = Pso, Py > SupPp, Pxo). (c) d = 2; model with five independentv;, pressureP(n). (b)—(f) Transition monotonic and
nonmonotonic; §)—(f ) monotonic; ¢)—(d)—(e) nonmonotonic;d) Po = Poo, Puw < iNf(Pg, Poo). (d) d = 2; model with five independeny;,
internal energyE;. (b)—(g) Transition monotonic and nonmonotoni@){(g) monotonic; ¢)—(d)—(e) nonmonotonic; d) E; o = E; o,
Ejw > SUpE} 0, E1,00)-
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li==Nj,  1j=iNj, j=36 L=-Q+MN, k=57 di=d-1  13,=0,
I —27+1g/ds =0, I3+ 27+15/de =0,  N3=(.+2)N7/A+as. (6.2)
Ns=—di[N1/(2+ 1) +2N7] +as,  Ng=di[N1—2(2+1)N7]/1 +ap.
With M, E, J, we deduce: it ipossible forP to be nonmonotonid 77 :=n7/ny <O0.
M =2d,(N; 3+ N7) + Ng'g.
E=di[N1(1+ G+ D?) + (B2 + 12) N3 + (B2 + 2+ 1)?) N7] + A2Ng/2 + (. +2)° N5 /2,
J =A(2dvaz +ag) — 2+ Aas,  nz3=(A+2n7/r,  ns/dy =—-n1/(A+2) —2n7, (6.3)
ang/ds =n1— 22+ Mn7,  Mp/deng =20+ 1)2/A(A+2) > 0,
Ep/n1di(h+1) =3 + 1+ 28%7/A — EyMp <0 or My Eg . <0 if 77 <—x(i+1)/28% <0,

6.2. Explicit binary collisions (Appendix C),> 0

X1=NsNg— N2, X3=O(N7Ng— NsN3), © > 0 (collision rate)
li=X1, l3=X3z=-l7, Ig/dx=-X1+2X3,  lg/dx=—X1—2X3. (6.4)
6.2.1. Gas
We start withN;(z) =ng j +n;/D, D=1+ xe’Z. From (6.4)X (N1, N7, as, as, ag) are quadratic in§1, N7), D~1 and

I ~ D 2-p~1 we get six relations betweeny;, n;, y, © and definex = ng7/no1, A; = a; /no1. Nijo =no; +n;/(1+%).
With «, A6, A, B, two N; o we deduce allV; (z) (and macroscopic quantities) and we can chagse 0:

y/ny=1+d?/n(2+ 1) — 4d2(2+ 1)ii2/h = 2dxO L2+ 1)

N 2d*ﬁ7(2+x)=i\/x(2+x)+d$_2d*(~)zo. (6.5)

6.2.2. Wallatz =0
We retain the emerging densitias, ;, j = 3,6, writeJ = X; = 0 (wall), deduceV,, ;, i = 1,5,7 andMy,, Ev, Ej y, Pw-

6.2.3. Numerical calculations

d = ) = 2: pressure, Figs3(b)and 3(c)

Fig. n3p ng,0 o A6 n7 0 B P nonmonotonic

3(b) 1.026 0.5286 0.273 13 —0.2262 0.2863 F1<381 3728< B <3.797
3(c) 0122 0.863 0.165 1.6 —0.3616 0.3161 B99<2.903 28997< 2.90216

with B varying in nonmonotonia? domains, includingPs, = Pg (monotonic outside) and,, < inf(Pgy, Pxo). With J =
—2.69 (0.9) andM (z) increasing (decreasing), we have evaporation (condensation) from the state at

Internal energy Fig. 3(d). The parameters are the same as in Fig. 3(b) (evaporatiorérpraxcept 1375 < 8 < 1.495.
We still have a domainE; nonmonotonic, includingE; o, = E; 0 (monotonic outside). For the wall, we havgy ,, >
SUNE[ 0, E1,00) @nd astrict inversionfor g > 1.438.

7. Aclass of DVMs with six independent densitie¥; (z), Fig. 4

In Fig. 4(a),d = 2,9;(x,z) (addingx = y for d = 3, (84« + 2) velocitiesv;), the x coordinates aretw, +2«,0 and
+1, +/(4a? + 1) for z. With scaling, we restrict the study to= /2, write v;, 1 =1,3,5,7, givingv; 41 With x, z > —x, z:

d=2 91=(2V21)=-73, U5=(v21)=-97,  Ug=(0,3) =~ (7.1)

We write three collisions, the for N; and the three conservation laws:
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(o]
i | =20 — 1]
Ey(n) - E,(0) [Sﬂg'mi_...l.[.lo.].\..' ..... -
2 10~ T LT ( a) B,=-0.3351052

107 |

(b) By=—0.3351050

(€) Be=—0-3351048

O .................
(d) By=—0.3351046
~10°%} () Bo=—0.3351044
j ) By==0.3351042...
~V(4aP+1) & [10] 2107 g5 5 23
@) (b)
i
= |0l
a}-—[7F | —T— %
Ex(?])—Ex([O)} : —l[io]

107° ~‘ [PPEEE (&) "By==0:6800002673

108 l_ )y B;=-0:6600002718

10 30 50 K
(¢

Fig. 4. (a)d = 2; model: six independeny;, i =1,3,5,7,9, 10, teny;, two alongz, Nj41=N;,i=1,357,a= V2. (b)d = 2; model
with six independentV;, internal energyE;. (b)—(e) Transition monotonic and nonmonotoni@){(f ) monotonic; b)—(c)—(d)—(e) non-
monotonic. Wall: E; ,, > SUN(E 0, Ej,0); 9as: fg (<, >,=) —0.3350465— E; g (>, <,=) EJ . (C) d = 3; model with six inde-
pendentn;, internal energyE;. (b)—-(e) Transition monotonic and nonmonotoni@){(f ) monotonic; b)—(c)—(d)—(e) nonmonotonic.
Wall: E; , > SUXE[ o0, E,0); 9aS:Bg (<, >, =) —0.6800002693~ E; o (>, <,=) E[ co-

X1= NgN1g— N1N3, X2 = N3N5— N1 Ny, X4 = N1Ng5— NgN7, (7.2)
li=N}, i=15  =-N/,i=37  Ilg=3Ng,  l10=—3N},
l1=01X1+60X2 — X4, I3=01X1—60Xp,  I5=—02Xo—Xa,  Il7=600X2+ Xy,
lg=2d(—01X1 + Xy), l10=—2d«X1 (collision rate®; > 0) (7.3)
20 (I g+ 15 7) +1g 10= 6 (3] 3 + 5 7) + g 1= 2 (Iy 3+ 15 7) + 3lg 10 =0-

We deduce threg relations andv;, i = 3, 7, 10 (with constant;) fromi =1,5, 9:

- l7=-lIs, l10=2dxly 5+ 2y, l3=—(1+15+3lg/2dx) — N7=Ns+az,

(7.4)
N3 =2N1+ N5+ 9Ng/2dx + a3, N1o= —2dxN15/3—2Ng + ajo.
We define scaled parameters and, for coIIisi;Xmstermstj)/D(z)/:
Bi=ni/n1,  «;=ngi/no.  Ai=ai/nor,  Ni(@)=ngi+n;/D,  D(z)=1+2r€%, 5

ol .
Xi@= Y. ning x” /D).
j=0,1,2

In Appendices D.1 and D.2 frongs, B9 and two N; o, we deduce allV;(z) and E, M, < O for the criterion. With
J = —2dva3, —3ajpandM, E we can deduc&;, P:

M =2di(Ny3+Ng7) + Ng 1o E=du(9N] 53+ 3Nd ;) +9Ng /2 (7.6)
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7.1. Wall

We start with the emerging densitieé; o = Ny, ;, i =1,5,9, and in D3 withJ,, =0, X; = 0 deduce:N,, 7 =
Nw,5. Ny,1= Ny, k=9,3,10.

7.2. Numerical calculations

Figs. 4(b) and 4(c): with/ <0, M(z) < M(oco0) (evaporation fronwo), Ej ., > SUNE] 0, EJ o), and fg varying, we
present domains with'; nonmonotonic, including; o = E; o (E; monotonic outside):

d Nypo=Ngg Bs 0;,i=12 E; nonmonotonic
2 200 0.005 81076 26 —0.3351056< Bg < —0.3351044
3 0.02 0.02 5¢10°8 31 —0.680000271 By < —0.680000268

8. Concluding remarks

We recall that, in this paper, for a semi-infinite expanse of a gas bounded by its own condensed phase toediedlzing
the coordinate of the axis perpendicular to the interface,goal was to present criteria for the prediction of overshoots or
inversion of the macroscopic quantities of the gas flointernal energyE; or pressureP). They have jumps on the interface
z =0 as itis shown by the differences between their valtygsn the condensed phase argl Y in the gas. On the contrary,
far from the interface the state of the gas flow tends asymptotically to a Maxwellian state. The convergenteoflied ., of
the Maxwellian state at infinity is not possible for any arbitrary choice of the varidflegVe must not have negative densities,
thiswas done with exact solution the Euler equationgSections 4 and 5), we compute all the macroscopic variables of the
flow at the interface and obtain the relations linking them to the macroscopic variables at infinity.

We recall [1-6] that there is evaporation (condensation) when the density of the vapor near the interface is lower (higher)
than the saturation density. As the flux of matter (hé)das negative (positive), the vapor flows from the hot (cold) to the
cold (hot) interface. Here, this means that we havaporation(condensatiopfrom the 4+-co interface ifJ < 0 (or > 0) and
M (z) decreases (increases) fravhy,. Then, in Figs. 1(b)-1(d), 2(b), 2(c), 3(b), 4(b) and 4(c) (Fig. 3(c)), we have evaporation
(condensation) from the interface-ato.

We were interested idomainswhereY(z), for the gas, could beonmonotoniq first study for the pressuyeWe have
presented different variablesn = const, z for the coordinate perpendicular to the wall and eittiér)/ Yy, or Y (z) — Y, but
we observe similar patterns. Besides, the featurdss? or 3, are also similar. We find a small subdomain with nonmonotonic
Y (2) (including for the gas the transition cuntgz) with Yg = Yoo, SO Separating the subdomain intg = Y) surrounded
by large monotonid@ domains. Concerning the locations of the wi)) versus the ga¥g or Y, we find in general (except
Fig. 2(b)) thatyy, is larger or smaller than the two gas values. For our models w#h54 (6) independent densities, depending
on a paramete, (3, @ = +/2) (z projection of the velocities)ve have checked whether the conditions for nonmonotoait
were satisfiedin Lemmas 1bis and 2bis, the criteria are written in terms of the momentum and of the boundary values for the
mass and the energy. In our numerical examples we have verified that the limits of these criteria correspond to the limits of the
subdomains wherg(z) are nonmonotonic includingjy = Y, while outsideY (z) are monotonic.

o First, we construct one solution with positive microscopic densities, mass1d momentuny macroscopic quantities.
Then we use only one varying parameter, caffear « (projections of the velocitie along coordinates parallel to the wall)
present only intaE, E;, P for the gas andEy, Ey y,, Py for the wall. We present one-dimensional curigg, g) and
Y (z,«). As a possible generalization, we could study the cukes 3, «).

e Secondlet us now fix the values of the parametgs o and study the nonmonotonic(z) domains when one of the
N; o parameters is varying. Now the microscopic densitids,/ as well asE, E;, P are different. We give examples in
Figs. 1(d) and 2(c) with onlw7 o, Ng o varying but find for thel'(z, N; o) curves the same structures as previously.

e Third, for systems of Riccati equations (not scalar integrable), there exists [19,20] also nonmonotonic mict¥sEopic
and we could complete a study of nonmonotonic macroscopic quantities.

e Fourth, we mention that in DVMs a great restriction of the models occurs, due to the acceptance of only “physical”
models, here no more than three physical invariants and “physical models” with more than six indepgdestist (see
Appendix E for a eightV;). Complete analytical proofs with only binary collisiofte “physical models”, filling all the
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integers of the plane for binary mixtures and for single gas have gieen[23,24]. Here, such general models (without
velocities parallel to the wall) are more difficult.
o Fifth, with only the conservation laws, without explicit collisions, we have obtained the criteria for nonmonstoiig.

”

We became aware of a recent thesis [25] on “Evaporation/condensation for DVMs in half-space and between two interfaces”.
First, the temperature and pressure criteria (and explicit overshoots) is not considef28]irSecond, for the DVMs models,
the main difference is that they have no velocities (except one called (C.1)) along the axis perpendicular to the interface. Here,
this model (C.1), is given in Fig. 2(a) with = 1, but we prove that possibl® nonmonotonic require. > 1. Similarly, in
Ref. [7] (not mentioned in this thesis), for a gas between two interfaces, it was shown, with a similar criterion (internal energy)
that the effect cannot occuFhird, in this thesis, there is a more general study of the evaporation/condensation problem, for
instance including stationary but also nonstationary (not considered in the present paper) solutions.

Appendix A
A.1. Model with four independen;, d = 3
No v; alongz, Fig. 1(a).
8dy Vi (x,y,2), n?=1, (m1Bx, 128y, ), =1 — Ug=-1, (mox, nay,2), n; =1,
A>1 —  U1=-13, 4 independeny;, i =1,3,5,7, a? = af + ag, B2 = ﬂf + ﬁf,,

M. E, J, My, Ey, are divided byd, in (4.2)~(4.6)— M,E, <0if 8 = ra, 1 = 1.

All Wallat =0, A=d=2
We retaintheV,, ;, i = 1,5, and from the vanishing collision anfg, = 0 deduceV,, ;12 = Ny, ; andMy,, Ey, Py, Ej -

N:;,l,3 + )"le,5,7 =0, Ny7/Nys5= (Nw,B/Nw,l))» - (1- Ny, 3/Ny,1),

A—1
|:Awa5 > (Ny,3/Ny,1)? + wa1i| =0 — Ny3=Ny1, Nu7=Nys My/ddi=N]
q=0

Ew=2dy((B% +2®) Ny 5+ Ny 1(¢? + 1)) = MyEp /2= Py/2,  4dxNyy 1C = (A2 + B2) My — 2Ey,
4dy Ny 5C = 2Ey — (L + a?) My,

A2.r=2
We obtain a Riccati equation withiy = ngq + n1/D(n).

J/2:=—a3 + 2ag 4, F1:=a3(2a5 — a7), F0:=a3a52,, n=z/20, D=1+ie'",
Ni=—JN2/A+ FiN1 + Fo=yn1(D™1 =1)/D,  ny=—-4y/J —n; in(4.6),
nog=no1+az,  ngj=-not/4+aj;, j=57  i+1=n1/(N1io—nop-

We getN;, M without 8, o, when they vary, we observe differeBy (z), P(z).

Appendix B. Four densitiesN; (z), two velocities alongz, A =2
It is sufficient to study the collision fa; (collision rate®, n = z/20):
Iy =2dNy/dz = ©(N3gN2 — NyN3) — Ni=no1+n1/D, D=1+ (B.1)

Starting with thes; known, we substitute tha/; (N1), (5.6) into (B.1). Then fronD~2, D=1, DO we getngy, n1, ¥, deduce
n;, no; with (56)
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J = —4daz + a&':,G’ F1:= aé — a% — 16d.asas, Fo:= a3a§,

D=1+%€",  Nj=yni(l/D?-1/D)=—16dsJN? + FiN1 + Fo, (B.2)
16n3,Jds = Finoy + Fo,  16dyJny=Fy —32dsJnor=—y,  nz=n1,  no3=no1+az,

nj=—8dwny,  noj=—8dwnor+a;, j=56, (B-3)
Ci=a?+0a2+3  M=2dN{3+Nds  E=diC+1N{3+NSg/2,

and all parameters except= —1+n1/(N1,0 — no1) given with Ny g.

B.1. Wall

0=21dxNy 1 3+ Ny 5.6=Nu3/Nu1 — (Vi 6/Nu.5)" = (L= Ny 6/ N 5),

A—=1
|:2)\d*Nw»12(Nw,6/Nw,5)q +Nw,5i| - Ny3=Ny1, Ny.6 = Ny,5, My /2=2dxNy 1+ Ny 5,

=0 (B.4)
Ey = 2d,(C + 1)Nw,1 + Nw,5 = El,w/ZMw = Py/2, Nl,de* =Ey — My/2,

N5.wC = My(C +1) — 2Ey,.

Appendix C. Model with five independentN; (z) and A arbitrary
C.1. Gas

We get (6.2) from the conservation laws and write (6.4)Nor Nq:

2dy(If 3+17) +1d g = 2d (M3 — 11 — 2+ 2)l7) + Mo — 2+ M5
=24, [11 (14 O+ D?) +13(82 + 22) + 12(82 + 2+ 1)?) | + 226 + 2+ 125 =0, (C.1)
(24 1)yn7(1/D — 1)/ DO = 2d,NyN7/A + N7J /A + N1dyas/(2+ X) — azas,
yn1(1—1/D)/D = —(1+d2 A2+ W)NZ + 4d2(2+ A)NZ /A — 24, N7(ag + as(2+ 1) /)
+ N1dy(as/X — (2+ A)ag) + asag,
N; =no; +n; D7 1(2). (C.2)
With the D2 terms andii; = n7/n1, we get (6.5). Withk; = a;/ng1, « = ng7/no1 and the (C.2) rhs fod?, we get
A;, a relations:

Az[ds (20 +1/(24 1)) — A5] = —a[2ds /A + hg — 2+ MAs/2],

(C.3)
25[he +di(1— 202+ 1)) /2] = 1+ d2 /(2+ 3) — 4d2aP2+ 1) /3 + dxig (20 + 1/ (2+ 1)).
The oppositeD*Z, D~ Ltermsin (C.2) give (C.4) andig polynomial (cubic).
2dyii7/n+ (no1/n1)F7 =0, 43 —1—d?/n(2+ 1) + (no1/n1) F1 =0, (C.4)
F7 = 2dy (o + 717) /A + it7[Ag — (2+ M)A5/AT + 2diA3] + dsh3/(2+ 1),
Fi=-2(1+ df/A(Z +1)+ 8d2(2+ M)ii7a /X — 2ii7ds (A6 + 2+ MA5/A) + di (A5/A — Ae/(2+ 1)) (C.5)
3
Fr[1+ (d2/3)(1/ 2+ 1) — 4152+ W)] + Fiiig2ds [k =0 — Y c;iih =0,
j=0
no1=I[N7,0— BN1,0l/(¢ — B) = nor—n1 and i+1=n1/(N1o—nop- (C.6)

We start with(«, 1) given, deduceis, A3, ii7, no1/n1 in (C.3)-(C.5),0, y/n1 in (6.5). AddingN1 0, N7.0, we getnoy, A
in (C.6) and all microscopi®V; (z).



368 H. Cornille, A. d’Almeida / European Journal of Mechanics B/Fluids 21 (2002) 355-370

C.2. Wall

We start withN,, 3, Ny 6, A =d = 2, write the vanishing collision termd,, = 0, deduceN,, 1 — Ny, 5 = Ny, 7 and
My, 2Ey = Py = E[ yMy:

Nw,5=N5),1/Nw,6, Nw,7=Nw,3Nw,5/Nw,6, 2N;’3’5+N;’6’1=4Nw,7,
ZNI%,]_ + Nw,lNE),e/(ZNwG + Ny.6) = NE),G — Ny,1—> Ny 5> Ny 7, My = 2(N$,1’3 + Nw,7) + Nlj’5,6s
Ey =10N,, 1 + Ny 3(4+ B2) + Ny 7(16+ %) + 8Ny, 5+ 2N,y 6.

Appendix D. Model with six independentN; (z), Fig. 4(a),« = +/2
D.1. From Bs, Bg arbitrary (7.5), we get alB;, Xi(z), My, Ep and6y, k=1, 2:

> Br=Ps.  Ba=2+P5+969/2d,  Pro=—2di(1+Ps)/3—289, X7 = BoBio— Ba.
X2 = Baps— 7, Xi2 = Bs— BoB73Mp/8n1 = 39 + 2dx(1+ P5) = Ep/12n1 +ds(2+ Bs) — MyEp <0
if —2f5<(2+3Pg)/dx s —Bs. (D.1)
We deduce, while a3 = 1/ag, a7 = ag/ag, a1g= agz anda;, with as, ag:
/=@ =0x2? 1 9,xP — x? = —(0x2 + x?) / B5 = (2d:./3B0),
[-01X 2 + X — 0= — (X2 / X5?)[L+ 3B9/2d:1/1B5 + 1 + 360/ 2ds],
0124, X2 /3] = X P 12ds /369 + 1/ B3] + 62X/ Bs. (D.2)
Ar=a7—a5,  Az=a3—2—oa5—909/2dx,  Aro= w10+ 209+ 2di(1+ a5)/3.
g, as are deduced from thB(z)~1 termsXEl) inl;, i=1,5,9:
—y/nori=YD =01 x4 o,x Y — x (P = —[0x + X D]/ 85 = (2d/389)[-01 X + X (V]
— XV (A Bs+ 3po/2di) + X5 (1+ 3pe/24d.) =0,
62X5" (1+ Bs) + X5 (1~ ps) + psor X" =0 XTV = foe1o+ Proee — B3 — a3,
XV =Bjus+Cj,  By=ps—1jag,  Cowg=Ps(l1—ag)=C4,  Ba=1—fo/ao.
We get two linears relations and a compatibility quartic ir:
as=—C/B=—E/D, B=02B(1+ f5+3Bg/2ds) + Ba(1+ 3Bg/2ds).
C =02Co(1+ B5+ 3Pg/2ds) + C4(1+3Bg/2dx), D =62B(1+1/Bs5) + B4(1/Bs — 1), (D-3)
E=01x\" +6,C2(1+1/B5) + C4(1/ps—1) — CD=BE.
FromBs, Be, all B;, «;, ; and—ng1/n1 =Y @YD are known.
D.2. Starting withN; o = ng; +n;/(L+ 1), i = 1,9 we deduce alN; (z).

no1=[BoN1,0 — No,0l/(Bg — ag), ny=-no¥ Yy, y=ny®z0 - Ni 0o =noi,no; +n;,

A=—-1+n1/(N1o—noD.  n;=pin1,  no=onol,  ap =Argno1

D.3. At the wall with X; = J,, =0 andNu_)’i’j =Ny, — N;,j’ we get:

- 2 _ N3 3 -
Ny o10Mw,0=Nuo =Nyt Ny jio

Nu9=Nu jNygq =15  0=Jy=2,
dy(Nyy 13+ Ny 57) +3N, 910

N;’gyl(m*Nw,l,S/NwQ+3(1+(Nw,l/Nw,9)2+Nw,l/Nw,9))=0 —> Ny, 7=Nys and Nw,lZNw,j,
j=3,910. (D.4)
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Appendix E. Four—eight independent; (z) and two, four v; alongz models

We start with a physical four independent (z), for collisions with three densities belonging to a physical model, we
add [10] the last and get five—eight independ&it Ford = 2, y = 0, v; (x, 2): v1(2,1) = —v3, v5(0, 1) = —vg, v7(0,3) =
—vg, v9(1,2) = —v11, (x > —x) = V;4+1,i = 1,3,9,11. Ford = 3,x =0, we addy; (x, z) = V;(y, z). First, with N;,i =
1,3,5, 6, (4d, + 2) velocitiesv; and X1 = N1Ng — N3Ns, we getiz = X1 = —I1, 2d, X1 = I5 = —lg and three invariants
I5,6 = 11,3 = 2dxl1 + I5s = 0 equivalent to the three conservation laBscondadding successively;: N12 — NgN7, N% -
NsNg, NsN7 — N2, NgNg — N2,, we get physical models includingz, Ng, No, N11, 4ds + 3, 4, 6d,. + 4, 8d, + 4 velocities
v; (four along thez-axis).
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